Introduction
One of the most interesting questions of the classical differential geometry which has appeared at studying of semi-Hamiltonian systems of hydrodynamical type is the description of the surfaces admitting not trivial deformations with preservation of principal directions and principal curvatures. Then the number of essential parameters on which such deformations depend, is actually equal to number various local Hamiltonian structures of corresponding system of hydrodynamical type [6] . Such local Hamiltonian structures are determined by differential-geometrical Poisson brackets of the first order (see [10] ).
In the same paper a bi-Hamiltonian structure of the system of averaged one-phase solutions of KdV have been considered. Later multi-Hamiltonian structures of systems of hydrodynamical type were studied in [12] , [13] . The given work is devoted to the description of bi-Hamiltonian structures in language of orthogonal curvilinear coordinate nets. The alternative approach (by the method of an inverse scattering transform) has been used in [16] . In [5] it has been shown, that the description of pairs compatible differential-geometric Poisson brackets of the first order is equivalent to the solution of the over-determined system on rotation coefficients β ik of orthogonal curvilinear coordi-nate nets
where η i (r i ) are some functions, ∂ k ≡ ∂/∂r k , k = 1, 2, ..., N. The general case η i (r i ) = const and particular case η i (r i ) = c i = const were described in [5] , where it has been shown, that (1) is an integrable system. In that specific case η i (r i ) = c i = const the system of equations
when N = 3 was reduced to three pairwise commuting non-evolution equations (see [5] )
which are nothing but two modified Sin-Gordon equations and degenerated twice modified Sin-Gordon equation, respectively. In this paper generalization of this system (i.e. η i (r i ) = const) is presented for bi-Hamiltonian structure where one metric is flat, and the second one has curvature of co-dimension 1.
Flat case
Compatibility condition of the linear system in partial derivatives
is the same as compatibility condition for conjugated linear system
This yields the nonlinear multi-dimensional integrable N-wave system (see for instance, [4] , [9] )
Any pair of solutions of the first linear system H (1)
generates hydrodynamic type system integrable by the generalized hodograph method [14] 
of the second linear system (4) determine densities a k and fluxes c k of conservation laws
where
Existence of the linear differential operator of the first order connecting solutions of both linear systems (see for instance, [13] )
is equivalent to existence of local Hamiltonian structure
where flat coordinates a k are determined by "null" solutions of the second linear system
and non-degenerate symmetric metric
which is constant in flat coordinates a
Existence of such operator (6) imposes the restriction on rotation coefficients of orthogonal curvilinear coordinate nets β ik
well-known in differential geometry as the Gauss equation, in above case it fixes the metric of zero curvature. It is easy to see that N-wave system is invariant under the transformation 
, then a metric preserves "flatness"
and solutions of the conjugate problem (4) are the same
Thus, infinite number of metrics
are connected to each system of hydrodynamic type and only for finite number of values µ i (r i ) (no more than N + 1, see [7] ) the"flatness" condition is satisfied. In this paper the case is considered, when just two distinct values µ i (r i ) determine flat metrics. Since coefficients of the diagonal metric H 2 i are determined up to multiplication on an arbitrary function of corresponding Riemann invariant, then the first flat metric always can be chosen so that one of values µ i (r i ) can be fixed to 1. Compatible pairs of local Hamiltonian structures determined by such metrics studied for instance in [16] . Such pairs are compatible if their arbitrary linear combination also is local Hamiltonian structure. Thus, the integrable nonlinear system (see [5] )
is a compatibility condition of the linear system
ii . Thus, we have proved following Lemma: The reduction of the N-wave system (5)
Thus, in general case bi-Hamiltonian structures of hydrodynamic type systems are described by solutions of the integrable system
Its spectral problem (10)
is nothing but N commuting systems of ordinary differential equations with respect to every independent variable (Riemann invariant r i ). Remark: This multi-dimensional spectral problem has a multi-dimensional analog of Wronskian: N(N + 1)/2 "first integrals" are constraints
which are nothing but metric coefficients in flat coordinates of mixed local Hamiltonian structure. Following G. Darboux for further consideration we should determine "first integrals" of the Gauss equation (see (7)).
Definition: A scalar potential of rotation coefficients of conjugate curvilinear coordinate nets V is a such function, whose mixed second derivatives are
Definition: A vector potential of rotation coefficients of conjugate curvilinear coordinate nets S k is a such function, whose mixed first derivatives are
G. Darboux have proved (see [3] ), that the Gauss equation, written via rotation coefficients of conjugate curvilinear coordinate nets (7), has N "first integrals"
where n i (r i ) are arbitrary functions ("integration factors"). Similar zero curvature condition
where k i (r i ) are another arbitrary functions.
Particular case,
This particular case was considered in [5] . The spectral problem
determines the nonlinear system (2)
It easy to see that the consequences of (12) and (13)
for particular case η i (r i ) = c i = const are the constraints
Thus, if N = 3, then above system
can be parameterized
Then the 3-wave system has the form 1
finally one can obtain the system (see [5] ) Such equations can be obtained as well as with respect to other field υ and w
The substitution z = υ + w = w + ln[w q + w 2 q − 1] transforms these equations into
The first one is well-known Bonnet equation (the sinh-Gordon equation), the second one is the next commuting flow from a hierarchy of the potential modified KdV equation (see [15] )
s . Thus, a spectral problem for a triple of the modified sinh-Gordon equations has a form
Remark: Each above linear system can be reduced to well-known spectral problem 2x2 for the modified sinh-Gordon equation (see [1] ) by transformations described in [17] . This becomes obvious if take into account that all three above linear systems 3x3 have constraint (see (11) )
It means that the functions ψ,ψ,ψ are "squares of eigenfunctions" for corresponding spectral transform 2x2 (see [17] ). Also, every above linear system 3x3 can be written as a scalar spectral problem of the third order. For instance, the third linear system is equivalent to the third order linear equatioñ
At the same time, the well-known fact is (see for instance, [8] ) that the Yajima-Oikawa hierarchy (the Yajima-Oikawa system also is known as the long-short resonance) is associated with the spectral problemLψ = ζψ,
Substituting (17) in (16) 
where N is an arbitrary natural number. Thus the KP reduction determined by operator
describes three-component bi-Hamiltonian structures of hydrodynamic type systems. Remark: One can introduce field variable c = z p , then re-scale independent variables ∂ s → ε∂ s , ∂ p → ε −1 ∂ p , then a second equation from (14) has a form
A limit of this equation with respect to the parameter ε when ε → 0 yields
which is nothing but again the sinh-Gordon equation
where ln c = b. Remark: The substitutions
connect solutions of the sinh-Gordon equation
In general case η i (r i ) = r i the spectral problem
determines the nonlinear system
It is easy to see that consequences of (12) and (13) yield another "first integrals"
For instance, if N = 3, then above constraints
describe a bi-Hamiltonian structure determined by the flat metrics g ii and r i g ii . Using parametrization
the system (5) transforms into
V 3 sinh w,
where V ik = β ik β ki . Each above triple of equation depends from third independent variable as a parameter, which can be eliminated by shift along both other independent variables. Thus, every above system can be written in form
V y sinh w,
3 Co-dimension 1
In previous section a flat case is considered, where relationship between two conjugate linear problems (3) , (4) is determined by the linear differential operator of the first order (6) . In general case of arbitrary curvature matric (8) such relationship becomes nonlocal (see for details [11] )
i , ε kn are constant symmetric non-degenerate matrix, and a number of particular solutions H (n) i of (3) is determined by the Gauss equation (see [11] )
Thus, in general case the description of pairs of nonlocal differential operators (18) (similar to the flat case) is equivalent to the system
In case of non-flat metric η i (r i )g ii the Gauss equation
has N "first integrals"
where k i (r i ) are some functions. In this section we restrict our consideration on two simplest cases: a flat metric g ii and a metricg
ii of co-dimension 1, wheng ii = c i g ii org ii = r i g ii . In the first case the system
is a result of a compatibility condition of the linear system (see [16] )
In the second case the system
As well as in the flat case the nonlinear system (19)
Thus, one has
When N = 3, then above system has a form
Introducing new independent variables (re-scaling Riemann invariants)
and new dependent functions
the system (5) can be written in form pairwise commuting hyperbolic systems Each above system is nothing but a some reduction of the famous Cherednik model of chiral fields related with hierarchy of the Heisenberg magnet (see [2] ).
General case, η i (r
In general case the nonlinear system (20)
has a set of "first integrals" of the diagonal metrics or metric's curvature of co-dimension 1 is reduced to the solution of such well-known integrable systems (by inverse scattering transform) as a negative flow of the Landau-Lifshitz equation (i.e. the Cherednik model) and generalization of the Ernst equation well known in Gravity and General Relativity (here a spectral problem depends explicitly of independent variable).
